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THE STABILITY OF STOCHASTIC SYSTEMS: THE CASE 
OF PERSISTENCE AND RESILIENCE 
Amitrajeet A. Batabyal and Hamid Beladi 
ABSTRACT 
111 
Beginning with the seminal work of K. J. Arrow and L. Hurwicz, there now exists a vast 
literature in economics on the stability of economic systems. This notwithstanding, to the best of 
our knowledge, the economics literature does not contain any studies of the stability of jointly 
determined, stochastic ecological-economic systems. Consequently, the objective of this paper is 
to identify and mathematically characterize two stability concepts for such systems. 
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OF PERSISTENCE AND RESILIENCE l 
1. INTRODUCTION 
Beginning with the seminal work of Arrow and Hurwicz [1], there now exists a vast literature 
in economics on the stability of economic systems. In particular, in the context of economic 
systems, researchers have spent a considerable amount of time studying the many meanings of 
stability. For instance, Hirota [2] has addressed the global stability of a class of markets in which 
there are three commodities and three consumers. Jordan [3] has analyzed the stability properties 
of nonstationary overlapping generations equilibria. Mitra et al. [4] have studied aspects of the 
global asymptotic stability of the orchards model of forest management.2 Finally, Balasko and 
Royer [5] have studied the stability of competitive equilibrium with respect to recursive and learning 
processes. 
Despite this great interest in studying the stability of economic systems, to the best of our 
knowledge, economists have not studied the stability of stochastic ecological-economic systems 
(hereafter called ecosystems). This is surprising because the study of the stability of ecosystems is 
mathematically quite challenging. Moreover, in recent times, a number of economists, such as 
Dasgupta [6], have commented on the significance of studying ecosystems thoroughly. 
IBatabyal acknowledges fmancial support from the Faculty research Grant program at Utah State University 
and from the Utah Agricultural Experiment Station, Utah State University, Logan, UT 84322-4810, by way of grant 
UTA 024. Approved as journal paper #6050. We thank: two anonymous referees and seminar participants at the 
University of Tennessee-Knoxville, and at the 1999 Annual Meeting ofSRIEG 70 for comments. The usual disclaimer 
applies. 
2The orchards model is an economic model in the following sense: trees are viewed as capital goods that yield 
a flow of output over their lifetimes. Because all capital goods age and ultimately die out, the orchards model can be 
viewed as a framework for analyzing the optimal replacement policy and the age composition of capital goods in a fIrm 
or in the economy. 
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The first aspect of ecosystem stability that we wish to address in this paper concerns the 
relationship between the number of species in the ecosystem and its stability. In an early study, 
Elton [7, pp. 145-53] argued that reduced species diversity would lead to decreased ecological 
stability. Since then, McNaughton [8] and King and Pimm [9] have produced evidence in support 
of Elton's hypothesis. However, May [10] showed that population dynamics were progressively less 
stable as the number of competing species in an ecosystem increased. This led May [10] to conclude 
that there need not be any relationship between diversity and stability. There has been continuing 
debate in the ecology literature about this "diversity/stability" hypothesis, and theoretical and 
empirical ecologists disagree on the question of whether an increase in the number of species 
increases or decreases stability. However, recent research on this topic suggests that a resolution of 
this issue may be near. Tilman [11] has claimed that whether or not species diversity increases 
stability depends on whether one is looking at stability at the level of individual species or stability 
at the level of communities and ecosystems. Tilman [11, p. 361] contends that species diversity 
increases the stability of communities and ecosystems and "is weakly associated with lower stability 
of abundances of individual ... species .... " 
The second aspect of ecosystem stability that will occupy our attention in this paper relates 
to the fact that such systems are jointly detennined. What this means is that the dynamics of the 
joint system reflect the nature of the connections between each of the two subsystems, i.e., the 
ecological and the economic subsystems. Consequently, as Perrings [12] has noted, shocks to the 
joint system generate a set of ecological and a set of economic effects, and these effects are 
interlinked. The extent to which these interlinked effects affect the stability of the joint system 
depends on the degree to which the two subsystems are "connected." Highly connected systems 
J 
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coevolve. Consequently, as compared to loosely connected ecosystems, the stability of highly 
connected ecosystems is more likely to be affected by ecological and/or economic shocks. 
In this paper, we shall incorporate the above two aspects of ecosystem stability in our 
analysis. Because stability has many meanings in economics as well as in ecology, in what follows, 
we shall focus on two widely known stability concepts from ecology that are particularly relevant 
to our study of ecosystem stability. These are the concepts of persistence and resilience. Persistence 
refers to "how long a variable lasts before it is changed to another value ... " [13, p. 14], and 
resilience refers to "the amount of disturbance that can be sustained [by an ecosystem] before a 
change in system control or structure occurs" [14, p. 50]. We focus on these two concepts because, 
in addition to the fact that they are widely known in ecology, persistence, and particularly resilience, 
have come to dominate much of the present center stage of academic debate about conservation 
related issues.3 
The reader may be wondering about the relationship between extant studies of persistence 
and resilience in the ecology literature and the objectives of this paper. Although there exists a large 
literature in ecology on resilience and related concepts (see [20]-[22]), most of this literature has 
focused on the characterization and measurement of resilience in deterministic systems. 
Commenting on this state of affairs, Ives [23, p. 217, emphasis added] has noted that in order "[t]o 
apply generally to ecological communities, stability needs to be defined for stochastic systems in 
which environmental perturbations are continuous and equilibrium [population] densities are never 
achieved." Further, even in this ecology literature, there do not appear to be any attempts to 
3For a more detailed corroboration of this claim, see [15]-[19]. 
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characterize persistence and resilience in a way that highlights the relationship between species 
numbers and ecosystem stability. 
This review of the economics and the ecology literatures yields three conclusions. First, the 
stability of stochastic ecosystems has not been studied in economics previously. Second, while 
persistence and resilience have been analyzed at some depth in ecology, most of this analysis has 
been conducted for deterministic systems. Third, neither the economics nor the ecology literatures 
have explored the relationships between persistence, resilience, and the number of species in an 
ecosystem. Consequently, let us now proceed to mathematically characterize these two stability 
concepts. 
2a. Preliminaries 
2. THE PERSISTENCE AND RESILIENCE OF 
STOCHASTIC ECOSYSTEMS 
As Hahn [24, p. 747] has noted, most of the economics literature on stability has used 
difference or differential equations to model the dynamics of the underlying economic system. 
However, because we are interested in studying stochastic ecosystems, we shall use renewal theory 
(see [25, particularly pp. 89-92] and [26, particularly pp. 123-32]) to characterize ecosystem 
persistence and resilience. 
Consider a stylized, stochastic ecosystem which consists of n species, where nEN. The 
stability of an ecosystem typically depends on the existence of certain key species. Consequently, 
these keystone species are very important to the functioning of the ecosystem. Suppose that of the 
n ecosystem species, m-where m < nand mEN-are independent keystone species. Without loss 
J 
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of generality, we shall abstract away from the remaining (n - m) species and focus on these m 
keystone species. 
Economic activities such as fishing, grazing, and hiking result in shocks to this ecosystem. 
Particularly intense shocks will result in the death of one or more of these species. With regard to 
death, we have two cases in mind. In the first case, species numbers have dwindled to such an extent 
that preventive policy measures such as regulations on the nature of fishing equipment and 
moratoriums on grazing are put in place to ensure that literal death does not occur. In this case, we 
shall say that the affected species are endangered. In the second case, some species may become 
extinct. Here, we suppose that an ecosystem manager introduces this (now locally extinct) species 
into our ecosystem from some other ecosystem.4 This ecosystem manager pays particular attention 
to the unique species of the ecosystem. Unique species can be endangered, but they are not allowed 
to become extinct. The reader should note that all subsequent references to death include both these 
cases. 
There will generally exist some substitutability between species in the performance of 
ecological functions. Hence, we will need to make an assumption about the degree of this 
substitutability. The cases of zero substitutability and partial substitutability between species have 
been analyzed by Batabyal ([17], [27]). Consequently, in this paper we shall study the case of 
perfect substitutability. In particular, we shall say that at time t, our ecosystem is functional, i.e., 
able to provide a flow of services to society, if at least one of the m species is alive. This means that 
our ecosystem's stability depends on the survival of at least one keystone species in a fundamental 
way. 
4Here, we are referring to the species introduction literature. For additional details, see [13, chapter 15]. 
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Now suppose that, as a result of the shocks to this ecosystem from the continuance of 
economic activities, the ith species, iE[l,m], alternates between life and death in accordance with 
an exponential alternating renewal process. Specifically, suppose that the ith species, iE[l,m], is 
alive for a time with distribution function F Jo), and that it is dead for a time with distribution 
function G Jo). Let ex and P denote the means of these two distribution functions. The death times 
of the various species are stochastic because the rate at which species regenerate or recuperate is 
generally a stochastic function of environmental variables and the preventive policy measures that 
have been put in place by the ecosystem manager. 
Let us now specify three sets of expectations that we will need to determine the persistence 
and the resilience of our ecosystem. As indicated in Figure 1, at any arbitrary point in time, the 
ecosystem is in one of two possible states. These two states are the "breakdown" state and the 
"functional" state. The amount of time the ecosystem spends in the breakdown state is the length 
of a breakdown period. We shall be interested in the expected amount of time during which our 
ecosystem is in the breakdown state. Call this expectation E[length breakdown period]. The 
amount of time during which our ecosystem is functional corresponds to the length of a functional 
period. Let the expectation of this time period be E[time ecosystem functional]. Finally, as shown 
in Figure 1, denote the expectation of the time between the beginning of two consecutive breakdown 
periods by E[time betwixt breakdowns]. The reader should note that E[time betwixt breakdowns] 
= E[length breakdown period] + E[time ecosystem functional]. Let us now determine the persistence 
of this ecosystem. 
J 
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Breakdown Functional Breakdown 
-----------1----Length 0 fBreakdown Period --------1----Time Ecosystem Functional----I----> Time Axis 
E[Zength breakdown periodJ E[time ecosystem functional] 
-----------1---------------------------Time Between Breakdowns-------------------------------I----> Time Axis 
E[time betwixt breakdowns] 
Figure 1. Time line of events in the ecosystem. 
2b. Persistence 
As indicated in section 1, persistence refers to "how long a variable lasts before it is changed 
to a new value ... " [13, p. 14]. This definition tells us that persistence is measured in time units. In 
the context of our stylized ecosystem, this translates into the time during which the ecosystem is 
functional. We can now state 
Theorem 1. Ecosystem persistence IS gIven by E[time ecosystem functional] 
Proof. The proof proceeds by construction. We shall use the fact that E[time ecosystem functional] 
= E[time betwixt breakdowns] - E[length breakdown periodJ. The probability of an ecosystem 
breakdown in a small time interval (t, t+dt) for large t and a small increment dt essentially depends 
on the event in which a single keystone species is alive, all others are dead, and then this surviving 
species dies. All other events are irrelevant, because they collectively have probability o(dt), and 
limLl @Eo(dt)/dt = O. Now applying Blackwell's theorem (see [25, p. 116] and [26, p. 110D to this 
probability, we get E[time betwixt period] = 1 I [IIf=n {P I( a r+P)} {~n1/P J]' It is clear that E[length 
breakdown period] = 1/[ ~ liP 1. Consequently, we conclude that ecosystem persistence is given ~n gI 
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The expreSSIon In the statement of Theorem 1 is our stochastic characterization of 
persistence. There are two things to note about this expression. First, our assumption of perfect 
substitutability between species in the performance of ecological functions notwithstanding, 
ecosystem persistence depends on all the keystone species. Second, we see that persistence depends 
on the means of the life and the death time distribution functions of the various keystone species in 
our ecosystem. This tells us that if we are able to estimate these parameters, then we will have an 
operational measure of the stability of an ecosystem. 
Despite the significance of persistence, it is the notion of ecosystem resilience that has come 
to dominate much of the present center stage of academic debate about conservation related issues. 
Consequently, we now use the renewal theoretic framework of section 2a to provide a mathematical 
characterization of this paper's second stability concept. This is the concept of an ecosystem's 
resilience. 
2c. Resilience 
Following most of the ecology literature-see [28, p. 587] and [29, p. 654]-on this subject, 
we shall think of resilience as a probability and as an asymptotic property of ecosystems. Our point 
of departure from this literature will lie in our conceptualization of resilience as a stochastic and not 
as a deterministic, asymptotic property. 5 As such, our work complements previous work by I ves [23] 
on this subject. In particular, we shall show how resilience can be characterized by exploiting the 
mathematical links between persistence and resilience. 
5 A number of economists have studied the asymptotic stability of economic systems. In particular, Mitra and 
Wan [30] and Mitra et al. [4] have analyzed the asymptotic stability of deterministic models of forest management. 
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Recall that resilience refers to the amount of disturbance that can be withstood by an 
ecosystem before a change in this ecosystem's control or structure occurs. In our modeling 
framework, disturbances are captured by the shocks to the ecosystem and by the death time 
distributions of the different species. Further, a change in an ecosystem's control or structure occurs 
when it breaks down. These two observations tell us that resilience can be thought of as the 
stationary probability that an ecosystem is functional. 6 We can now state 
Theorem 2. Ecosystem resilience is given by limBooProb{ecosystem functional at time t} = 
l-II~o {P6eaoPd}' 
Proof. Theproofproceeds by construction. From [26, p. 129] it follows that limBooProb{ecosystem 
functional at time t} = E[ time ecosystem functional]1 E[ time betwixt breakdowns] . Using the 
expressions for these two expectations from the proof of Theorem 1, we conclude that ecosystem 
resilience is given by limBooProb{ ecosystem functional at time t} = 1 - II~o { P 6e <XD+ P {)} .• 
CorollaI)'. limBooProb{ ecosystem functional at time t} oc E[time ecosystem functional], and the 
constant of proportionality is given by II E[ time betwixt breakdowns]. 
2d. Discussion 
The proof of Theorem 2 tells us that, like persistence, resilience also depends on all the 
keystone species in the ecosystem. Specifically, resilience depends on the means of the survival and 
the death time distribution functions. Note that, in general, the characteristics of the individual 
keystone species and the number of keystone species will collectively determine an ecosystem's 
persistence and its resilience. Having said this, one can still ask whether the individual species 
6For an analysis of "stationary forests," the reader should consult Mitra and Wan [30]. 
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characteristics-as measured by the a and the P parameters-or the number of species is more 
important to maintaining the persistence and/or the resilience of an ecosystem. This is an open 
question that cannot be resolved by our renewal theoretic framework. 7 
To illustrate the results stated in Theorems 1 and 2, we now present two examples. Suppose 
that m = 3, a . = 8, Vi, and that p. = 4, Vi. If we measure time in years, then this means that 
1 1 
the three keystone species in our ecosystem are alive for a mean time of eight years and then dead 
for a mean time of four years. Now using the expressions given in Theorems 1 and 2, we get 34.67 
years as the numerical value for ecosystem persistence and 0.96 as the numerical value for ecosystem 
resilience. As an alternate example, suppose that m = 3, a I = 1, a2 = 2, a3 = 3, PI = 8, P 2 = 9, 
and P
3 
= 10. Now the means of the survival and the death time distribution functions are different 
for the three keystone species of the ecosystem. Following the above-described procedure, the 
numerical value for ecosystem persistence is now 2.34 years and the numerical value for ecosystem 
resilience is 0.44. 
The reader will note that an implication of our renewal theoretic characterization of 
persistence and resilience is that these two stability concepts are completely determined by the 
means (a and P d of the life and the death time distribution functions. Put differently, other 
properties of these distribution functions do not affect an ecosystem's persistence or its resilience. 
In order to operationalize our measures of persistence and resilience, it will be necessary to obtain 
estimates of the means of the survival and the death time distribution functions, i.e., the ais and the 
PiS. Batabyal [17] and Krebs [28, pp. 164-5] discuss how survival and death rates can be calculated. 
7 As indicated in section 1, ecologists still debate the link between the number of species in an ecosystem and 
its stability. For more on this, see Tilman [11] and the references cited therein. 
/ 
11 
In addition to this, as discussed in Krebs [28, pp. 180-1], methods used in the determination of 
ecological life tables are also likely to be useful in procuring estimates of the <XiS and the Pi. 
The corollary to Theorem 2 tells us two important things about the connections between the 
two stability concepts that we have characterized in this paper and ecosystem management. First, 
we see that resilience is proportional to persistence. In other words, ecosystems that are very 
resilient are also those that are likely to be very persistent. From the perspective of ecosystem 
management, this tells us that managers whose goal is to make ecosystems resilient will need to 
focus on those factors that make ecosystems persistent. 
Second, ecosystem resilience is inversely proportional to the expected length of time between 
ecosystem breakdowns. This feature also points to the role of management in promoting ecosystem 
resilience because the time between breakdowns corresponds in part to periods in which an 
ecosystem manager has taken preventive actions to protect species from the adverse effects of 
continued economic activity. As discussed in section 2a, these actions include things like regulations 
on the nature of fishing equipment, moratoriums on grazing, and the introduction of species. If all 
economic activities are terminated, then the expected length of a breakdown period-which will now 
depend exclusively on natural factors-will presumably have been made as short as possible. 
However, in most practical situations, such termination will not be a feasible course of action. In 
these situations, this analysis tells us that if ecosystem stability in the sense of resilience is to be 
enhanced, then managers will need to implement those policies which ensure that the expected 
length of a breakdown period is kept as short as possible. 
J 
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3. CONCLUSIONS 
In this paper, we have argued that studies of the stability of ecosystems must be informed by 
the fact that such systems are jointly determined. Put differently, this means that the dynamics of 
the joint system reflect the nature of the connections between each of the two subsystems, i.e., the 
ecological and the economic subsystems. In particular, shocks to the joint system generate a set of 
ecological and a set of economic effects, and these effects are interlinked. We accounted for these 
aspects of the problem in three ways. First, we noted that shocks to the joint system make the life 
and the death times of the individual keystone species random. Second, we modeled the interlinked 
nature of the ecological and the economic effects by showing that the stability properties of the 
ecosystem under study depend on the means of both the life and the death time distribution 
functions. Third, we analyzed the evolution of our ecosystem by describing the ecosystem by means 
of an alternating renewal process. Our analysis led us to characterize ecosystem persistence as the 
expected amount of time during which this ecosystem is functional. We then focused on the 
asymptotic stability of our ecosystem. We showed that ecosystem resilience can be thought of as 
a stationary probability. 
The analysis of this paper can be extended in a number of different directions. In what 
follows, we suggest two possible extensions. First, our characterizations of persistence and 
resilience depend on our assumptions about the life and the death time distribution functions, and 
on our independence assumption. Although these assumptions are somewhat strong, they are 
absolutely necessary for the analysis. In fact, our ongoing research on this subject leads us to 
conjecture that without some distributional assumption and without the independence assumption, 
the task of characterizing persistence and resilience is intractable. However, additional research is 
/ 
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needed to determine whether this conjecture is true, and more generally, to determine the kinds of 
interactions between ecosystem species that can be studied in an analytically tractable manner. 
Second, we are often interested in the short-term behavior of an ecosystem following shocks. 
The asymptotic notion of stability (resilience) that we have characterized in this paper focuses on 
the long-term behavior of an ecosystem; short-term, transient behavior is ignored. A useful 
extension of this paper would be to study ecosystem stability in a way that captures the short-term 
response of an ecosystem to perturbations. 
Formal studies of ecosystem stability that incorporate these aspects of the problem into the 
analysis will provide richer and practically more relevant characterizations of ecosystem stability. 
Moreover, such studies are likely to provide useful guidance to individuals whose task is to mange 
stochastic ecosystems effectively. J 
14 
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